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a) For problems of the 2mth order the condition number
Cn(K) of K varies as h~~*m or as Ne*m, where Nes denotes the
number of elements per side.

b) The condition number depends primarily on the nature
of the problem and not on the order of the finite element.
Therefore, it is expected that by using high-order elements
greater total accuracy would be achieved in the finite element
solution. This will be demonstrated numerically in the next
section.

Numerical experiments
Higher order elements were applied to a beam problem to

test the possibility of a reduction of the relative effect of
roundoff error accumulation in the solution of the global sys-
tem of algebraic equations. For comparison, two elements
were used. One was denoted by B(3), since the lateral de-
flection w was interpolated inside it by cubic polynomials
(p = 3). The other was denoted by 5(5), since inside it w
was interpolated by quintic polynomials (p = 5). From the
numerical calculations it follows that the condition number
can be expressed by Cn(K) = SNe4 in the case where B(3)
elements were used and by Cn(K) = 152Ve4 in the case where
#(5) elements were used. In any case the condition number
varies only slightly with p.

To study the behavior of roundoff error effects for matrices
generated by the B(3) and B(S) elements, the displacement
of a cantilever beam loaded at the tip by a single force was
calculated using Gauss elimination in single (24 bits, s = 7.2)
precision. Both with B($) and B(5) elements there are no
discretization errors, the sole errors being numerical. It has
been found that the error dx t in the tip deflection x t (this error
is proportional to the error in the energy) can be expressed by

log(&c,/s«) = -7.53 + 1.16 log(Cn) (10)

when the B(S) element was used and by

log(&c«/3i) = -8.01 + 1.16 log(Cw) (11)

when the B(5) element was used. This is remarkably close to
estimate (5).

The fact that by using higher order elements one may be
able to achieve greater accuracy is confirmed in Fig. 1. It
shows the variation of the relative total error in the energy vs
the number of degrees of freedom N for the case of a canti-
lever beam loaded by a quadratically varying load. Com-
putation was carried out in single precision. Even though
roundoff errors become dominant earlier with the 5(5) element
(at N = 12) than with the 5(3) element (at N = 22), it was
possible to obtain a greater total accuracy with the former
element than with the latter.

These were one-dimensional experiments. The precise
manner in which both c in Cn(K) = ch~2m and the roundoff
errors depend on the dimension in higher dimensional prob-
lems is still to be determined.
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through Air at Supersonic and

Subsonic Velocities

M. L. WlLKINS*
University of California, Lawrence Radiation Laboratory,

Liver more, Calif.

THE finite difference solutions of the equations of gas
dynamics formulated in Lagrange coordinates are capable

of accuracies of 1 part in 103 for problems with a reasonable
number of Lagrange zones. Finite difference techniques
permit physical phenomena to be simulated in a time-
dependent manner, starting from actual initial conditions.
Also, there are no restrictions on models used to describe the
behavior of materials. The main strengths of the Lagrange
formulation are the ease of applying boundary conditions
and high accuracy. The major limitation of the Lagrange
formulation is that nearest neighbors of the Lagrange zones
must remain nearest neighbors, except for specified lines of
sliding.

In the calculations presented here, a slender body of revolu-
tion defined by a set of Lagrange coordinates moves into
another set of Lagrange points that have associated with
them an equation of state appropriate for air. The specified
line of sliding is the set of Lagrange coordinates that define
the exterior boundary of the figure of revolution.

The slender body moving in the air, which is initially at
rest, is shown in Fig. 1. The equation of state used for air
is described by a perfect gas, although any equation of state
could be used. The velocity of the slender body is given in
units of the sound speed of the undisturbed air ahead of the
body (Mach number). The shocks develop automatically
in the calculation by the artificial viscosity method originated
by Von Neumann and Richtmyer.1 The shock positions
shown in Fig. 1 are plotted by a computer routine that
scans the grid and plots a symbol at positions where the
artificial viscosity is a maximun. A steady-state shock
pattern is established after the body has completely entered
the calculation region (Fig. Ib). A steady-state shock
pattern means that shock angles with respect to the body
remain constant in time although the shocks are sweeping
through new material. At time t = 200 jusec, the body is
programed to reduce velocity on a linear ramp with time.
The shock angles are shown, in Fig. 1, c-f, to open as the
velocity is reduced. The bow shock detaches when the ve-
locity becomes subsonic (Fig. 1, d-f).

To a fixed observer, the bow and aft shocks are moving
faster than the slender body for the subsonic velocities shown
in Fig. 1, e and f. At t = 800 jusec the body is programed
to increase velocity on a linear ramp with time (Fig. 1, g and
h). New bow and aft shocks are formed. Figure Ig shows
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Air:

P = 0.4Ep

E = internal energy

p = density

Initial values :

E° = 2.08109^

1 = 100 (jsec

°= 1

P°=10 (

«-4

,6 dynes

=200 (J.sec

a)

Fig. 1 Calculation of a slender body with cylindrical symmetry moving, through air at rest, at supersonic to subsonic
velocity, a) The slender body enters region of calculation from right. PB = boundary, pressure = 1 atm. b) Steady-
state shock pattern, c) BOW shock angle opens as slender body slows to lower Mach number, d) Subsonic velocity; bow

shock starts to detach *

t = 1400

Original
\ bow shock

t = 1584 (ase

'.;M=4.3 i...;.

Fig. 2 Calculation of a slender body with cylindrical symmetry moving through air at subsonic to supersonic velocity.
Conditions are as shown in Fig. 1. a) Bow shock completely detached from slender body; aft shock moves forward, b)
Aft shock continues to move forward. Extra shocks are reflections of bow and aft shocks from top and bottom rigid
boundaries, c) Slender body programed to higher velocities, overtakes, breaks through original bow shock, d) Shock

angles decrease as higher Mach numbers are reached.

the new bow shock breaking through the original bow shock
that was ahead of the slender body.

The direction of the motion of each of the Lagrange grid
points is shown in Fig. 2a at time t = 250 jusec. It is noted
that the bow shock is due to the compression of the quiet air
by the motion of the slender body. A decompression or
rarefaction is seen emanating from the high portion of the
body as the air moves in opposite directions. The aft shock
is seen to be produced by air which is being compressed by air
moving into the same position from opposite directions.

Figure 2b shows contours of equal pressure for the same
time as Fig. 2a. The Lagrange grid used in the calculation
is shown in Fig. 2c. All of the plots in Figs. 1 and 2 were
obtained automatically by the computer as the problem
progressed.

Because of the cylindrical symmetry, only one half of the
problem need be calculated. The remaining half is obtained
by reflection about the axis of symmetry as in Fig. 2c.
Thirty-five grid points were used in the radial direction. In
the axial direction, grid points were added in front of and re-
moved from behind the body as time progressed to minimize
the computation time without affecting the results in the
area of interest.

The calculation was done with the HEMP2 code on an
IBM 7030 computer. The computer time was 2-J- hr. The
code is currently operating on a CDC 7600 computer with a
speed increase factor of 10. Programing is in process for
the CDC STAR computer, where an additional speed in-
crease factor of 15 is expected. A three-dimensional version
of the code (three independent Cartesian coordinates and

Fig. 3 Details of the flow of time t = 250 jusec when the Mach number is 2.0. a) Small arrows show direction of material
velocity, b) Contours of constant pressure P in atmospheres, c) Shock positions and Lagrange calculational grid.
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time) is in operation on the CDC 7600.3 A three-dimensional
calculation with the same detail as the two-dimensional
calculation presented here would require 35 times the number
of zones and four quadrants instead of one. The total
number of zones required would be 140 times the number
used and the computer time would increase by the same
factor. By replacing the IBM 7030 with the STAR com-
puter, a 150 fold increase in computation speed is achieved.
This more than offsets the increase in computation time re-
quired for a similar three-dimensional calculation. Thus,
with the STAR computer, it will be possible to simulate the
general three-dimensional problem of a body moving through
air at a finite angle of attack in the same computer time as
the two dimensional problem given here.
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Nomenclature

= MP/McoPco
= function related to the stream function by

- / - /,
= local enthalpy
= total enthalpy, = h + uz/2
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= freestream Mach number
= Prandtl number
= Static pressure
= pW) 2 — PW

= total enthalpy ratio, = H/Hm
= time
= ^-component of velocity
= plate velocity
= impulsive change in plate velocity, = (Uz —
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x,y = coordinates along and normal to the plate, respectively
7 = ratio of specific heats

dp = density defect thickness, I ( 1 — — ) dy
JO \ Poo/

5* = mass flow defect thickness, I 1 — , r r N \dy
Jo L (p^)ooj

£ = similarity independent variable associated with time and
space, = (Umt/x)/(Umt/x) + 1

r) — similarity independent variable associated with space,
fy P

Jo

v
p
X
\f/

= dynamic viscosity
— kinematic viscosity
— density
= hypersonic interaction parameter, Mm*/(ReXm/C)llz

— stream function
— Ujt/x

Subscripts
oo = freestream value

w = quantity at the plate surface
1 = initial steady state
2 = final steady state

Superscripts
' = differentiation with respect to rj

AFIRST order perturbation solution for the temporal
weak-interaction induced pressure was obtained in Refs.

1 and 2 for the case of a flat plate moving at hypersonic speed
and subjected to an impulsive velocity increment of 1%.
Whereas these solutions seem adequate for the calculation of
the transient contribution to the induced pressure, this does
not appear to be true for the estimation of the time-dependent
component of the wall shear. The basic linearizing assump-
tion of A/ « /2, contained in Ref. 2, breaks down near r = 0
even when the fractional change in the plate velocity is small.
The purpose of this Note is to report on a numerical solution
to this problem without the use of a linearization procedure so
that problems involving the accurate prediction of wall shear
for plate velocity changes of 1% or larger may be treated.

The time-dependent boundary-layer equations, for zero
pressure gradient and Pr = 1, in the transformed 77, £ plane
are

2(1 - £)2 -

-*"-*'

/'" = 0 (1)

2(1 - a 1 -
- *) = 0 (2)

(The coordinate system chosen is fixed with reference to the
plate and its origin is at the leading edge.)

Equations (1) and (2) are similar to those given in Ref. 2
(before introduction of the assumption A/ <$C/2), except for
the definitions of the independent variable £ and the depen-
dent variable S. The solution of the momentum Eq. (1) is
obtained by a numerical method.3 Once the /' distribution
is known, the S distribution may be obtained from

which satisfies Eq. (2) and the relevant boundary conditions.
The numerical method, used here, is based on the Clutter-

Smith technique3 which solves the time-steady compressible
laminar boundary-layer equations in two independent vari-
ables. This is an implicit finite-difference technique that is
known to produce accurate results and has been well ex-
plored. In this method of solution the derivatives with re-
spect to £ (analogous to the spatial variable of Ref. 3 in the
streamwise direction) are replaced by their finite-difference


